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1 INTRODUÇÃO 
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2 QUADRIRROTORES 
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3 MODELAGEM DO SISTEMA 

 

 



 

ℱI ℱM



𝓕𝐈

𝓕𝐌

 

• 𝛷 ℱM

• 𝛩 ℱM

• 𝛹 ℱM

• 𝑋 ℱM

• 𝑌 ℱM

• 𝑍 ℱ𝑀

• 𝑝𝑛 𝑌 ℱI

• 𝑝𝑒 𝑋 ℱ𝐼

• Z ℱ𝐼

• 𝑢 𝑋 ℱ𝐼

• 𝑣 𝑌 ℱ𝐼

• 𝑤 𝑍 ℱ𝐼

ℝ3

𝜉 = [𝑝𝑛 𝑝𝑒 ℎ]𝑇 𝜂 = [𝜙 𝜃 𝜓]𝑇



 

 

P ∈ ℝ3

𝑃0 = [𝑖0̂ 𝑗0̂ 𝑘0̂]
𝑇

𝑃1 = [𝑖1̂ 𝑗1̂ 𝑘1̂]
𝑇

𝑃1 𝑃0

P0

𝑝0 = 𝑝𝑥
0. 𝑖0̂ + 𝑝𝑦

0. 𝑗0̂ + 𝑝𝑥
0. 𝑘0̂ 

p1

𝑝1 = 𝑝𝑥
1. 𝑖1̂ + 𝑝𝑦

1. 𝑗1̂ + 𝑝𝑥
1. 𝑘1̂ 



𝑝𝑥
0. 𝑖̂0 + 𝑝𝑦

0. 𝑗̂0 + 𝑝𝑥
0. �̂�0 = 𝑝𝑥

1. 𝑖̂1 + 𝑝𝑦
1. 𝑗̂1 + 𝑝𝑥

1. �̂�1 

𝑝1 ≙ (

𝑝𝑥
1

𝑝𝑦
1

𝑝𝑧
1

) = (

𝑖̂1. 𝑖̂0 𝑖̂1. 𝑗̂0 𝑖̂1. �̂�0

𝑗̂1. 𝑖̂0 𝑗̂1. 𝑗̂0 𝑗̂1. �̂�0

�̂�1. 𝑖̂0 �̂�1. 𝑗̂0 �̂�1. �̂�0

) .(

𝑝𝑥
0

𝑝𝑦
0

𝑝𝑧
0

) 

𝑝1 = 𝑅0
1𝑝0 

R0
1

p1 p0

𝑅0
1 = [

𝑐𝑜𝑠 𝜃 − 𝑠𝑒𝑛 𝜃  0
𝑠𝑒𝑛 𝜃  𝑐𝑜𝑠 𝜃 0

0 0 1
] 

p n̂ 𝑃 𝑄 𝜇



𝑝 𝜇 �̂�

𝑞 𝑝 �̂� 𝜙 𝑞

𝑞 = 𝑂𝑁⃗⃗⃗⃗⃗⃗ + 𝑁𝑊⃗⃗⃗⃗ ⃗⃗  ⃗ + 𝑊𝑄⃗⃗⃗⃗ ⃗⃗  ⃗ 

𝑂𝑁⃗⃗⃗⃗⃗⃗ 𝑝 �̂�

𝑂𝑁⃗⃗⃗⃗⃗⃗ = (𝑝. �̂�)�̂� 

𝑁𝑄 = 𝑁𝑃 = ‖𝑝 − 𝑂𝑁⃗⃗⃗⃗⃗⃗ ‖ 𝑁𝑊⃗⃗⃗⃗ ⃗⃗  ⃗

𝑝 − 𝑂𝑁⃗⃗⃗⃗⃗⃗ 𝑁𝑄. cos 𝜇

𝑁𝑊⃗⃗⃗⃗ ⃗⃗  ⃗ =
𝑝 − (𝑝. �̂�)�̂�

‖𝑝 − (𝑝. �̂�)�̂�‖
𝑁𝑄. 𝑐𝑜𝑠 𝜇 = (𝑝 − (𝑝. �̂�)�̂�) 𝑐𝑜𝑠 𝜇 

𝑊𝑄⃗⃗⃗⃗⃗⃗  ⃗ 𝑝 �̂� 𝑁𝑄. sen 𝜇 𝑁𝑄 =

‖p‖ sen 𝜇

𝑊𝑄⃗⃗⃗⃗ ⃗⃗  ⃗ =
𝑝 × �̂�

‖𝑝‖ 𝑠𝑒𝑛 𝜙
𝑁𝑄 𝑠𝑒𝑛 𝜇 = −(�̂� × 𝑝). 𝑠𝑒𝑛 𝜇 

𝑞 = (1 − 𝑐𝑜𝑠 𝜇)(𝑝. �̂�)�̂� + 𝑐𝑜𝑠 𝜇 𝑝 − 𝑠𝑒𝑛 𝜇 (�̂� × 𝑝) 



𝑝 𝑞

𝑘0̂ 𝑞

𝑞0 = (1 − 𝑐𝑜𝑠 𝜃)(𝑝. �̂�)�̂� + 𝑐𝑜𝑠 𝜃 𝑝 − 𝑠𝑒𝑛 𝜃 �̂� × 𝑝 

= (1 − 𝑐𝑜𝑠 𝜃)𝑝𝑧
0 (

0
0
1
) + 𝑐𝑜𝑠 𝜃 (

𝑝𝑥
0

𝑝𝑦
0

𝑝𝑧
0

) − 𝑠𝑒𝑛 𝜃 (
−𝑝𝑦

0

𝑝𝑥
0

0

) 

= (
𝑐𝑜𝑠 𝜃 𝑠𝑒𝑛 𝜃 0

−𝑠𝑒𝑛 𝜃 𝑐𝑜𝑠 𝜃 0
0 0 1

) 𝑝0 

𝑝0 𝑞0

𝑞0 = 𝑅0
1. 𝑝0 

P0

ℱI P1 ℱ𝑀

P ℱI ℱM

ℱ𝐼 𝑍𝑀

ℱ𝑀 = [𝑋𝑀 𝑌𝑀 𝑍𝑀]

𝑌𝑀+

RI
M(z, ψ)

𝑅𝐼
𝑀(𝑧, 𝜓) = [

𝑐𝑜𝑠 𝜓 −𝑠𝑒𝑛 𝜓  0
𝑠𝑒𝑛 𝜓  𝑐𝑜𝑠 𝜓 0

0 0 1

] 



𝑅𝐼
𝑀(𝑥, 𝜙) = [

1 0 0
0 𝑐𝑜𝑠 𝜙 −𝑠𝑖𝑛 𝜙 
0 𝑠𝑖𝑛 𝜙   𝑐𝑜𝑠  𝜙

] 

RI
M(y, θ)

RI
M(z, ψ)

RI
M(x, ϕ)



𝑅𝐼
𝑀(𝑦, 𝜃) = [

 𝑐𝑜𝑠  𝜃 0 𝑠𝑒𝑛 𝜃
0 1 0

−𝑠𝑒𝑛 𝜃 0 𝑐𝑜𝑠 𝜃
] 

 (Ra
b)

−1
= (Ra

b)
T

= (Rb
a )

 (Rb
c ). (Ra

b) = (Ra
c)

 det[(Ra
b)] = 1

ℱ𝐼 ℱ𝑀

𝑅𝐼
𝑀 = 𝑅𝐼

𝑀(𝑧, 𝜓). 𝑅𝐼
𝑀(𝑦, 𝜃). 𝑅𝐼

𝑀(𝑥, 𝜙) 

𝑅𝐼
𝑀 = [

𝑐𝑜𝑠 𝜓 −𝑠𝑒𝑛 𝜓  0
𝑠𝑒𝑛 𝜓  𝑐𝑜𝑠 𝜓 0

0 0 1

] [
 𝑐𝑜𝑠 𝜃 0 𝑠𝑒𝑛 𝜃

0 1 0
− 𝑠𝑒𝑛 𝜃 0 𝑐𝑜𝑠 𝜃

] [
1 0 0
0 𝑐𝑜𝑠 𝜙 − 𝑠𝑒𝑛 𝜙 
0 𝑠𝑒𝑛 𝜙   𝑐𝑜𝑠  𝜙

] 

ℱ𝐼 ℱ𝑀

RI
M(y, θ)



𝑅𝐼
𝑀 = [

𝑐𝑜𝑠 𝜓 𝑐𝑜𝑠 𝜃 𝑐𝑜𝑠 𝜓 𝑠𝑒𝑛 𝜃 𝑠𝑒𝑛 𝜙 − 𝑠𝑒𝑛 𝜓 𝑐𝑜𝑠 𝜙 𝑐𝑜𝑠 𝜓 𝑠𝑒𝑛 𝜃 𝑐𝑜𝑠 𝜙 + 𝑠𝑒𝑛 𝜓 𝑠𝑒𝑛 𝜙
𝑠𝑒𝑛 𝜓 𝑐𝑜𝑠 𝜃 𝑠𝑒𝑛 𝜓 𝑠𝑒𝑛 𝜃 𝑠𝑒𝑛 𝜙 + 𝑐𝑜𝑠 𝜓 𝑐𝑜𝑠 𝜙 𝑠𝑒𝑛 𝜓 𝑠𝑒𝑛 𝜃 𝑐𝑜𝑠 𝜙 − 𝑐𝑜𝑠 𝜓 𝑠𝑒𝑛 𝜙

−𝑠𝑒𝑛 𝜃 𝑐𝑜𝑠 𝜃 𝑠𝑒𝑛 𝜙 𝑐𝑜𝑠 𝜃 𝑐𝑜𝑠 𝜙
] 

 

𝑝𝑛 𝑝𝑒 ℎ 𝑢

𝑣 𝑤

𝑑

𝑑𝑡𝐼
(

𝑝𝑛

𝑝𝑒

−ℎ
) = 𝑅𝐼

𝑀 (
𝑢
𝑣
𝑤

) = (𝑅𝑀
𝐼 )

𝑇
(
𝑢
𝑣
𝑤

)

= [

𝑐𝑜𝑠 𝜓 𝑐𝑜𝑠 𝜃 𝑐𝑜𝑠 𝜓 𝑠𝑒𝑛 𝜃 𝑠𝑒𝑛 𝜙 − 𝑠𝑒𝑛 𝜓 𝑐𝑜𝑠 𝜙 𝑐𝑜𝑠 𝜓 𝑠𝑒𝑛 𝜃 𝑐𝑜𝑠 𝜙 + 𝑠𝑒𝑛 𝜓 𝑠𝑒𝑛 𝜙
𝑠𝑒𝑛 𝜓 𝑐𝑜𝑠 𝜃 𝑠𝑒𝑛 𝜓 𝑠𝑒𝑛 𝜃 𝑠𝑒𝑛 𝜙 + 𝑐𝑜𝑠 𝜓 𝑐𝑜𝑠 𝜙 𝑠𝑒𝑛 𝜓 𝑠𝑒𝑛 𝜃 𝑐𝑜𝑠 𝜙 − 𝑐𝑜𝑠 𝜓 𝑠𝑒𝑛 𝜙

−𝑠𝑒𝑛 𝜃 𝑐𝑜𝑠 𝜃 𝑠𝑒𝑛 𝜙 𝑐𝑜𝑠 𝜃 𝑐𝑜𝑠 𝜙
] (

𝑢
𝑣
𝑤

) 

𝑑

𝑑𝑡𝐼
𝑝 𝑝 ℱI

�̇� �̇� �̇� 𝑝 𝑞 𝑟

(
𝑝
𝑞
𝑟
) = 𝑅𝐼

𝑀(𝑥, �̇�) (
�̇�
0
0

) + 𝑅𝐼
𝑀(𝑥, �̇�)𝑅𝐼

𝑀(𝑦, �̇�) (
0
�̇�
0
)

+ 𝑅𝐼
𝑀(𝑥, �̇�)𝑅𝐼

𝑀(𝑥, �̇�)𝑅𝐼
𝑀(𝑦, �̇�) (

0
0
�̇�

) 

(
𝑝
𝑞
𝑟
) = (

1 0 − 𝑠𝑒𝑛 𝜃
0 𝑐𝑜𝑠 𝜙 𝑠𝑒𝑛 𝜙 𝑐𝑜𝑠 𝜃
0 − 𝑠𝑒𝑛 𝜙 𝑐𝑜𝑠 𝜙 𝑐𝑜𝑠 𝜃

)(

�̇�

�̇�
�̇�

) 

(

�̇�

�̇�
�̇�

) = (

1 𝑠𝑒𝑛 𝜙 𝑡𝑎𝑛 𝜃 𝑐𝑜𝑠 𝜙 𝑡𝑎𝑛 𝜃
0 𝑐𝑜𝑠 𝜙 −𝑠𝑒𝑛 𝜙
0 𝑠𝑒𝑛 𝜙 𝑠𝑒𝑐 𝜃 𝑐𝑜𝑠 𝜙 𝑠𝑒𝑐 𝜃

)(
𝑝
𝑞
𝑟
) :)  

http://www.wolframalpha.com/input/?i=(%7B1,0,-sin(y)%7D,%7B0,cos(x),sin(x)cos(y)%7D,%7B0,-sin(x),cos(x)cos(y)%7D)%5E-1


 

 

ℱM ℱI 𝑝

 ℱM ℱI

𝑑

𝑑𝑡𝐼
𝑝 =

𝑑

𝑑𝑡𝑀
𝑝 

𝑝 ℱM ℱI

�̂� 𝛿𝜙



𝑝 + 𝛿𝑝 = (1 − 𝑐𝑜𝑠(−𝛿𝜙))�̂�(�̂�. 𝑝) + 𝑐𝑜𝑠(−𝛿𝜙) 𝑝 − 𝑠𝑒𝑛(−𝛿𝜙) �̂� × 𝑝 

𝛿𝑡

𝛿𝑝

𝛿𝑡
≅

𝛿𝜙

𝛿𝑡
�̂� × 𝑝 

𝛿𝑡 → 0

ω𝑀/𝐼 �̂��̇�

𝑑

𝑑𝑡𝐼
𝑝 = 𝜔𝑀/𝐼 × 𝑝 

𝑑

𝑑𝑡𝐼
𝑝 =

𝑑

𝑑𝑡𝑀
𝑝 + 𝜔𝑀/𝐼 × 𝑝 

 

𝒗 𝒎 𝑓

𝑚
𝑑𝒗

𝑑𝑡𝐼
= 𝒇 

𝑚
𝑑𝒗

𝑑𝑡𝐼
= 𝒎(

𝒅𝒗

𝒅𝒕𝑴
+ 𝜔𝑀/𝐼  × 𝒗𝒎) =  𝒇 



𝜔𝑀/𝐼 ≜ (𝑝, 𝑞, 𝑟)𝑇

𝒗𝒎 ≜ (𝑢, 𝑣, 𝑤)𝑇 𝒇 ≜ (𝑓𝑥 , 𝑓𝑦, 𝑓𝑧)
𝑇

(
�̇�
�̇�
�̇�

) = (

𝑟𝑣 − 𝑞𝑤
𝑝𝑤 − 𝑟𝑣
𝑞𝑢 − 𝑝𝑣

) +
1

𝑚
(

𝑓𝑥
𝑓𝑦
𝑓𝑧

) 

𝑑𝒉𝑴

𝑑𝑡𝐼
= 𝑻 

𝒉𝑴 𝑻

𝑑ℎ

𝑑𝑡𝐼
=

𝑑ℎ

𝑑𝑡𝑀
+ 𝜔𝑀/𝐼 × 𝒉 = 𝑻 

𝒉𝑴 = 𝐽𝜔𝑀/𝐼 𝐽

𝐽 =

(

 
 
 

∫(𝑦2 + 𝑧2) 𝑑𝑚 −∫𝑥𝑦 𝑑𝑚 −∫𝑥𝑧  𝑑𝑚

−∫𝑥𝑦  𝑑𝑚 ∫(𝑥2 + 𝑧2)  𝑑𝑚 −∫𝑦𝑧  𝑑𝑚

−∫𝑥𝑧  𝑑𝑚 −∫𝑦𝑧  𝑑𝑚 ∫(𝑥2 + 𝑦2)  𝑑𝑚
)

 
 
 

= (

𝐽𝑥 −𝐽𝑥𝑦 −𝐽𝑥𝑧

−𝐽𝑥𝑦 𝐽𝑦 −𝐽𝑦𝑧

−𝐽𝑥𝑧 −𝐽𝑦𝑧 −𝐽𝑧

) 



𝑀

𝑅 ℓ

𝑚𝑛 𝐽𝑥𝑦 = 𝐽𝑥𝑧 =

𝐽𝑦𝑧 = 0

𝐽 = (

𝐽𝑥 0 0
0 𝐽𝑦 0

0 0 𝐽𝑧

) 

𝐽 =

2𝑀𝑅2/5

𝐽𝑥 =
2𝑀𝑅2

5
+ 2ℓ𝑚𝑛

𝐽𝑦 =
2𝑀𝑅2

5
+ 2ℓ𝑚𝑛

𝐽𝑧 =
2𝑀𝑅2

5
+ 4ℓ𝑚𝑛

 

𝑻𝑴 (𝜏𝜙 𝜏𝜃 𝜏𝜓)𝑇 𝒉𝑴 =

(𝑝 𝑞 𝑟)𝑇



(
�̇�
�̇�
�̇�

) =

(

 
 
 
 

1

𝐽𝑥
 0 0

0
1

𝐽𝑦
0

0 0
1

𝐽𝑧)

 
 
 
 

[(

0 𝑟 −𝑞
−𝑟 0 𝑝
𝑞 −𝑝 0

)(

𝐽𝑥 0 0
0 𝐽𝑦 0

0 0 𝐽𝑧

)(
𝑝
𝑞
𝑟
) + (

𝜏𝜙

𝜏𝜃

𝜏𝜓

)] 

(
�̇�
�̇�
�̇�

) =

(

 
 
 
 

𝐽𝑦 − 𝐽𝑧

𝑗𝑥
𝑞𝑟

𝐽𝑧 − 𝐽𝑥
𝐽𝑦

𝑝𝑟

𝐽𝑥 − 𝐽𝑦

𝐽𝑧
𝑝𝑞

)

 
 
 
 

+

(

 
 
 
 

1

𝐽𝑥
𝜏𝜙

1

𝐽𝑦
𝜏𝜃

1

𝐽𝑧
𝜏𝜓)

 
 
 
 

 

(𝑝�̇� 𝑝�̇� ℎ̇)𝑇 (�̇� �̇� �̇�)𝑇

(�̇� �̇� �̇�)𝑇 (�̇� �̇� �̇�)𝑇

 



𝜏1 𝜏3 𝜏2 𝜏4

𝑓

𝑙

𝑓𝑇 = 𝑓1 + 𝑓2 + 𝑓3 + 𝑓4 

𝜏𝜃 = ℓ(𝑓1 − 𝑓3) 

𝜏𝜙 = ℓ(𝑓2 − 𝑓4) 



𝑘𝑓 𝑘𝑡

𝛿𝑛 1 ≤

𝑛 ≤ 4

𝛿𝑛 ℳ

𝑔

𝜏𝜓 = 𝜏1 + 𝜏3 − 𝜏2 − 𝜏4 

𝑓𝑛 = 𝑘𝑓𝛿𝑛

𝜏𝑛 = 𝑘𝑡𝛿𝑛

(

𝑓𝑇

𝜏𝜙

𝜏𝜃

𝜏𝜓

) =

(

 
 

  𝑘𝑓   𝑘𝑓

  0  −ℓ𝑘𝑓

 𝑘𝑓   𝑘𝑓

 0   ℓ𝑘𝑓

ℓ𝑘𝑓  0 

−𝑘𝑡  𝑘𝑡 

−ℓ𝑘𝑓 0   

−𝑘𝑡 𝑘𝑡 )

 
 

(

𝛿1

𝛿2

𝛿3

𝛿4

) ≜ ℳ (

𝛿1

𝛿2

𝛿3

𝛿4

)

(

𝛿1

𝛿2

𝛿3

𝛿4

) = ℳ−1 (

𝑓𝑇

𝜏𝜙

𝜏𝜃

𝜏𝜓

) ≜
1

4

(

 
 
 
 

1

𝑘𝑓
0

1

𝑘𝑓
 −

2

ℓ𝑘𝑓

2

ℓ𝑘𝑓
 −

1

𝑘𝑡

 0  
1

𝑘𝑡

1

𝑘𝑓
   0 

1

𝑘𝑓
   

2

ℓ𝑘𝑓 

−
2

ℓ𝑘𝑓 
−

1

𝑘𝑡
  

0 
1

𝑘𝑡 )

 
 
 
 

(

𝛿1

𝛿2

𝛿3

𝛿4

)☺

http://www.wolframalpha.com/input/?i=(%7Bk,k,k,k%7D,%7B0,-l*k,0,l*k%7D,%7Bl*k,0,-l*k,0%7D,%7B-q,q,-q,q%7D)%5E-1


(
�̇�
�̇�
�̇�

) = (

𝑟𝑣 − 𝑞𝑤
𝑝𝑤 − 𝑟𝑣
𝑞𝑢 − 𝑝𝑣

) + (

𝑚𝑔 𝑠𝑒𝑛 𝜃
−𝑚𝑔 𝑐𝑜𝑠 𝜃 𝑠𝑒𝑛 𝜙
𝑚𝑔 𝑐𝑜𝑠 𝜃 𝑠𝑒𝑛 𝜙

) +
1

𝑚
(

𝑓𝑥
𝑓𝑦
𝑓𝑧

) 

 

𝜓 = 0

(

𝑝�̇�

𝑝�̇�

ℎ̇

) = [
𝑐𝑜𝑠 𝜃 𝑠𝑒𝑛 𝜃 𝑠𝑒𝑛𝜙 𝑠𝑒𝑛 𝜃 𝑐𝑜𝑠𝜙

0 𝑐𝑜𝑠𝜙 − 𝑠𝑒𝑛𝜙
−𝑠𝑒𝑛𝜃 𝑐𝑜𝑠 𝜃 𝑠𝑒𝑛𝜙 𝑐𝑜𝑠 𝜃 𝑐𝑜𝑠𝜙

] (
𝑢
𝑣
𝑤

) 

𝜙 𝜃 𝜓

(

�̇�

�̇�
�̇�

) = (
𝑝
𝑞
𝑟
) 

𝑓𝑔 = (
0
0

𝑚𝑔
)

𝑓𝑔 = 𝑅𝐼
𝑀 (

0
0

𝑚𝑔
) = (

𝑚𝑔 𝑠𝑒𝑛 𝜃
−𝑚𝑔 𝑐𝑜𝑠 𝜃 𝑠𝑒𝑛 𝜙
𝑚𝑔 𝑐𝑜𝑠 𝜃 𝑠𝑒𝑛 𝜙

)



𝑞𝑟 𝑝𝑟 𝑝𝑞

(
�̇�
�̇�
�̇�

) =

(

 
 
 
 

1

𝐽𝑥
𝜏𝜙

1

𝐽𝑦
𝜏𝜃

1

𝐽𝑧
𝜏𝜓)

 
 
 
 

 

(

�̈�

�̈�
�̈�

) =

(

 
 
 
 

1

𝐽𝑥
𝜏𝜙

1

𝐽𝑦
𝜏𝜃

1

𝐽𝑧
𝜏𝜓)

 
 
 
 

 

(

𝑝�̈�

𝑝�̈�

ℎ̈

) = (
𝑐𝑜𝑠 𝜃 𝑠𝑒𝑛 𝜃 𝑠𝑒𝑛𝜙 𝑠𝑒𝑛 𝜃 𝑐𝑜𝑠𝜙

0 𝑐𝑜𝑠𝜙 − 𝑠𝑒𝑛𝜙
−𝑠𝑒𝑛𝜃 𝑐𝑜𝑠 𝜃 𝑠𝑒𝑛𝜙 𝑐𝑜𝑠 𝜃 𝑐𝑜𝑠𝜙

)(
�̇�
�̇�
�̇�

) 

(

𝑝�̈�

𝑝�̈�

ℎ̈

) = (
0
0
𝑔
) + (

−𝑐𝑜𝑠 𝜙 𝑠𝑒𝑛 𝜃
𝑠𝑒𝑛 𝜃

−𝑐𝑜𝑠 𝜙 𝑐𝑜𝑠 𝜃
)(

�̇�
�̇�
�̇�

)
𝑓𝑇

𝑚
 

𝑝�̈� = −𝑐𝑜𝑠 𝜙 𝑠𝑒𝑛 𝜃
𝑓𝑇

𝑚
  

𝑝�̈� = 𝑠𝑒𝑛 𝜙
𝑓𝑇

𝑚
 



ℎ̈ = 𝑔 − 𝑐𝑜𝑠 𝜙 𝑐𝑜𝑠 𝜃
𝑓𝑇

𝑚
  

�̈� =
1

𝐽𝑥
𝜏𝜙 

�̈� =
1

𝐽𝑦
𝜏𝜃 

�̈� =
1

𝐽𝑧
𝜏𝜓 
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• 
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293𝑔 569 𝑔

𝑚

𝑀 ℓ

𝑅

• 𝑚 = 0,069 𝑘𝑔

• ℓ = 0,28 𝑚

• 𝑀 = 0,259 𝑘𝑔

• 𝑅 = 0,07 𝑚



𝐽𝑥 = 𝐽𝑦 =
2𝑀𝑅2

5
+ 2ℓ2𝑚 = 0,0119 𝑘𝑔.𝑚2

𝐽𝑧 =
2𝑀𝑅2

5
+ 4ℓ2𝑚 = 0,0230 𝑘𝑔.𝑚2

 

 



𝑘𝑓

𝑘𝑓 =
∆𝑌

∆𝑋
=

355

944,4444
= 0,3759 



𝐹 = 1,340 𝑔 1000𝜇𝑠

2000𝜇𝑠

 

𝑘𝑡

𝑘𝑡 =
∆𝑌

∆𝑋
=

29,4750

388,8889
= 0,0758 

 





 

  



5 PROJETO DO SISTEMA DE CONTROLE 

 

𝜂 =

[𝜙 𝜃 𝜓]𝑇 𝜉 = [𝑥 𝑦 𝑧]𝑇

 



 

 



 

𝛼𝑥 =
𝛼𝑥 − 𝛼𝑥𝑏𝑖𝑎𝑠

𝑠
 

𝛼𝑦 =
𝛼𝑦 − 𝛼𝑦𝑏𝑖𝑎𝑠

𝑠
 

�̇� =
�̇�𝑛 − �̇�𝑏𝑖𝑎𝑠

𝑠
∆𝑡 

�̇� =
�̇�𝑛 − �̇�𝑏𝑖𝑎𝑠

𝑠
∆𝑡 

∆𝑡

𝛼𝑥 𝛼𝑦 𝛼𝑥𝑏𝑖𝑎𝑠
𝛼𝑦𝑏𝑖𝑎𝑠

�̇� �̇�

�̇�𝑏𝑖𝑎𝑠 �̇�𝑏𝑖𝑎𝑠

 



𝜙 = 𝑎𝑡𝑎𝑛2(𝛼𝑥 , 𝛼𝑦) 

𝜃 = 𝑎𝑡𝑎𝑛2(𝛼𝑦 , 𝛼𝑥) 

𝜙�̇� = �̇�𝑛−1 +
�̇�𝑔 − �̇�𝑏𝑖𝑎𝑠

𝑠
∆𝑡

𝜃�̇� = �̇�𝑛−1 +
�̇�𝑔 − �̇�𝑏𝑖𝑎𝑠

𝑠
∆𝑡

𝜃𝑘 = 𝛼(𝜃𝑘−1 + 𝜃𝑔,𝑘∆𝑡) + (1 − 𝛼)𝜃𝑎,𝑘 

𝜃 𝜃𝑔 𝜃𝑎

𝛼

�̂�(𝑧)

𝛩𝑎(𝑧)
 = (1 − 𝛼) (

𝑍

𝑍 − 𝛼
) 



𝛼 (1 − 𝑎)𝛼𝑘𝑢𝑘 𝛼

 

𝑥𝑘 𝑧𝑘

𝑥𝑘 = 𝐴𝑥𝑘−1 + 𝐵𝑢𝑘−1 + 𝑤𝑘−1  



𝑧𝑘 = 𝐻𝑥𝑘 + 𝑣𝑘   

𝐴 = [
1 −∆𝑡
0 1

]  

𝐵 = [
∆𝑡
0

]  

𝑥𝑘 = [
𝜃
𝜃�̇�

]  

𝜃 𝜃𝑏 𝜃�̇�

𝑥𝑘 = [𝜃 �̇�𝑏]
𝑇

𝑢𝑘 = �̇�𝑘

𝑧𝑘 

𝐻 = [1 0]  

𝑤𝑘  𝑣𝑘

𝑝(𝑤)~𝑁(0, 𝑄) 𝑝(𝑣)~𝑁(0, 𝑅)

𝑄 = [
𝑄𝜃 0
0 𝑄𝜃�̇�

] ∆𝑡  

𝑅 = 𝐸[𝑣𝑘 𝑣𝑘
𝑇]  



𝜃�̇�

∆𝑡 𝑄𝑘 �̅�𝑘 𝑣𝑘

𝑅 =

 2𝑠𝑡𝑑𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛  

�̅�𝑘 = 𝑥𝑘 − �̅�𝑘  

𝑣𝑘 = 𝑥𝑘 − �̂�𝑘  

�̂�𝑘−1|𝑘−1

�̂�𝑘|𝑘−1

�̂�𝑘|𝑘

𝑃𝑘|𝑘−1

𝑃𝑘|𝑘

𝑃𝑘|𝑘−1 = 𝐸[�̅�𝑘�̅�𝑘
𝑇] →  𝑃𝑘|𝑘−1 = 𝐴𝑃𝑘−1|𝑘−1𝐴

𝑇 + 𝑄  

𝑃𝑘|𝑘 = 𝐸[𝑣𝑘𝑣𝑘
𝑇] →  𝑃𝑘|𝑘 = 𝑃𝑘|𝑘−1 − 𝐾𝑘𝐻𝑃𝑘|𝑘−1  

𝐾𝑘 = 𝑃𝑘|𝑘−1𝐻
𝑇(𝐻𝑃𝑘|𝑘−1𝐻

𝑇 + 𝑅)
−1

  

�̂�𝑘|𝑘 = �̂�𝑘|𝑘−1 + 𝐾𝑘(𝑧𝑘 − 𝐻�̂�𝑘|𝑘−1)  

𝑃𝑘|𝑘 = (𝐼 − 𝐾𝑘𝐻)𝑃𝑘|𝑘−1 



𝑥𝑘

𝑧𝑘 𝐻�̂��̅�

𝑥𝑘−1  𝑃𝑘−1  𝑢𝑘  𝑧𝑘

 

�̅�𝑘 = 𝐴�̅̂�𝑘−1 + 𝐵𝑢𝑘

 

�̅�𝑘 = 𝐴�̅�𝑘−1𝐴
𝑇 + 𝑄

 



 

𝐾𝑘 = �̅�𝑘𝐻
𝑇(𝐻�̅�𝑘𝐻

𝑇 + 𝑅)−1

 

𝑥𝑘 = �̂�𝑘
̅̅ ̅ + 𝐾𝑘(𝑧𝑘 − 𝐻�̂�𝑘

̅̅ ̅)

 

𝑃𝑘 = (𝐼 − 𝐾𝑘𝐻)�̅�𝑘

�̅�𝑘 �̅�𝑘

𝑧𝑘

𝑢𝑘

�̂�𝑘−1

𝑥𝑘−1

𝐴𝑘

𝑧𝑘 𝐾𝑘

𝐾𝑘

𝑧𝑘

 

�̇� = 𝑓(𝑥, 𝑡), 𝑓(0, 𝑡) = 0 



𝑉(𝑥) > 0 𝑠𝑒 𝑥 ≠ 0 𝑉(0) = 0 �̇�(𝑥, 𝑡)

 

�̇� = 𝑓(𝜂) + 𝑔(𝜂)𝜉 



�̇� = 𝑢

𝑓 𝑔 [𝜂𝑇 , 𝜉]𝑇 ∈ ℝ𝑛+1 𝑢 ∈ ℝ

𝜉

ξ = ϕ(𝜂) 𝜙(0) = 0

�̇� = 𝑓(𝜂) + 𝑔(𝜂)𝜙(𝜂) 

g(η)ϕ(η)

�̇� = [𝑓(𝜂) + 𝑔(𝜂)𝜙(𝜂)] + 𝑔(𝜂)𝑧 

�̇� = 𝑢 − �̇�(𝜂) = 𝑣

𝑣 .

𝑢
∫

 

 

𝑔(𝜂) + 
+

∫

 

 

𝑓  

𝜉 𝜂

𝑓 𝜂



𝑉(𝜂) 𝑊(𝜂)

𝜕𝑉

𝜕𝜂
[𝑓(𝜂) + 𝑔(𝜂)𝜙(𝜂)] ≤ −𝑊(𝜂)

𝑉𝑐(𝜂, 𝑧) = 𝑉(𝜂) +
1

2
𝑧2

𝑉�̇�(𝜂, 𝑧) = �̇�(𝜂) + 𝑧�̇� =
𝜕𝑉(𝜂)

𝜕𝜂
[𝑓(𝜂) + 𝑔(𝜂)𝜙(𝜂)] + 𝑔(𝜂)𝑧] + 𝑧𝑣

𝑉�̇�(𝜂, 𝑧) =
𝜕𝑉(𝜂)

𝜕𝜂
[𝑓(𝜂) + 𝑔(𝜂)𝜙(𝜂)] +

𝜕𝑉(𝜂)

𝜕𝜂
𝑔(𝜂)𝑧 + 𝑧𝑣

𝑉�̇�(𝜂, 𝑧) ≤ −𝑊(𝜂) +
𝜕𝑉(𝜂)

𝜕𝜂
𝑔(𝜂)𝑧 + 𝑧𝑣 

𝑣 = −
𝜕𝑉(𝜂)

𝜕𝜂
𝑔(𝜂) − 𝑘𝑧, 𝑘 > 0 

+ 
−

𝑢
∫

 

 

𝑔(𝜂) + 
+

∫

 

 

𝑓  + 𝑔  𝜙( )
�̇�(𝜂)

𝑧 𝜂𝑣



𝑉�̇�(𝜂, 𝑧) ≤ −𝑊(𝜂) − 𝑘𝑧2 

𝜂 = 0, 𝑧 = 0

 𝑧 = 𝜉 − 𝜙(𝜂) 𝑣  𝜙

𝑢 = 𝑣 + �̇�(𝜂) = −
𝜕𝑉(𝜂)

𝜕𝜂
𝑔(𝜂) − 𝑘(𝜉 − 𝜙(𝜂)) + �̇�(𝜂) 

𝑢

 

𝑓(𝑥, 𝑢) =

[
 
 
 
 
 

𝑥2

𝑎1𝑥4𝑥6 + 𝑏1𝑢2

𝑥4

𝑎2𝑥2𝑥6 + 𝑏2𝑢2

𝑥6

𝑎3𝑥2𝑥4 + 𝑏3𝑢3]
 
 
 
 
 

 



𝑎1 = (𝐽𝑦 − 𝐽𝑧)/𝐽𝑥 𝑎2 = (𝐽𝑧 − 𝐽𝑥)/𝐽𝑦 𝑎3 = (𝐽𝑥 − 𝐽𝑦)/𝐽𝑧 𝑏1 = 1/𝐽𝑥 𝑏2 = 1/𝐽𝑦 𝑏3 =

1/𝐽𝑧  

𝑥1𝑑 𝑥1

𝑧1 = 0  

𝑧1 = 𝑥1𝑑 − 𝑥1  

𝑉(𝑧1) =
1

2
𝑧1

2 

�̇�(𝑧1) = 𝑧1(�̇�1𝑑 − 𝑥2) 

𝑧1 𝑥2  

𝑥2 = 𝑥1𝑑 + 𝛼1𝑧1 

𝛼1 ∈ ℝ+

 

�̇�(𝑧1) = −𝛼1𝑧1
2 < 0; 

𝑥2

𝑧2

𝑧2 = 𝑥2 − �̇�1𝑑 − 𝛼1𝑧1 



𝑉(𝑧1, 𝑧2) =
1

2
(𝑧1

2 + 𝑧2
2) 

�̇�(𝑧1, 𝑧2) = −𝛼1𝑧1
2 + 𝑧2(−𝑧1 + 𝑎1𝑥4𝑥6 + 𝑏1𝑢2 + 𝛼1(𝑧2 + 𝛼1𝑧1))

�̈�𝑛𝑑 = 0;  𝑛 = 1,2,3)

𝑧2  

𝑢2 =
1

𝑏1

(𝑧1 − 𝑎1𝑥4𝑥6 + 𝛼1(𝑧2 + 𝛼1𝑧1) − 𝛼2𝑧2) 

 

�̇�(𝑧1, 𝑧2) =
1

2
(𝑧1

2 + 𝑧2
2) 

𝑧1 𝑧2 e  

𝑢2 =
1

𝑏1
((1 + 𝛼1𝛼2)(𝑥1𝑑 − 𝑥1) − 𝑎1𝑥4𝑥6 − (𝛼1 + 𝛼2)𝑥2) 

𝛼1 𝛼2 𝑏1 𝑎1

 

𝜃

𝑧3 = 𝑥3𝑑 − 𝑥3 

𝑧4 = 𝑥4 − �̇�3𝑑 − 𝛼3𝑧3 

𝜃



𝑢4 =
1

𝑏2
(𝑧3 − 𝛼3(𝑧4 + 𝛼3𝑧3) − 𝛼4𝑧4)  

𝜓

𝑧5 = 𝑥5𝑑 − 𝑥5 

𝑧6 = 𝑥6 − �̇�5𝑑 − 𝛼5𝑧5 

𝜓

𝑢6 =
1

𝑏2

(𝑧5 − 𝛼5(𝑧6 + 𝛼5𝑧5) − 𝛼6𝑧6) 

 

𝜙(𝑠) =
1/𝐽𝑥
𝑠2

𝜏𝜙(𝑠) 

𝛿𝑛 𝑛

𝑘𝑓

𝜏𝜙 = ℓ(𝑘𝑓𝛿1 − 𝑘𝑓𝛿3) = 2ℓ𝑘𝑓∆𝛿𝜙 

∆𝛿𝜙 𝜙

(𝛿2 − 𝛿4)/2  



𝜙(𝑠) =
𝑏𝑥

𝑠2
∆𝛿𝜙(𝑠) 

𝑏𝑥 = 2ℓ𝑘𝑓/𝐽𝑥

𝛼1 𝛼2

𝛼1 𝛼1

b1 = 1 + 𝛼1𝛼2 b2 = 𝛼1 + 𝛼2

1 + 𝛼1𝛼2

𝐽𝑦 − 𝐽𝑧
𝐽𝑥

𝛼1 + 𝛼2

+ 
−

×

1

𝑏𝑥

𝑏𝑥

𝑠

1

𝑠

∆𝛿𝜙
+ 

−

−𝜙𝑑 𝜙

�̇�

�̇�

�̇�

Controlador Backstepping

Modelo do Sistema



b1 = 12,59 b2 = 7,52

𝛼1 = 5,3561 𝛼2 = 2,1639



 

𝜙 𝜃

𝜓

𝜓

𝑟(𝑠) =
𝑏𝑧

𝑠
𝜏𝜓(𝑠) 

𝜏𝜓 =

∆𝛿𝜓 𝑏𝑧 = 4𝑘𝑡/𝐽𝑧

𝑢 = 𝑘𝑝(�̇�𝑑 − �̇�)

𝑘𝑝 𝑘𝑝

𝑇(𝑠) =

𝑘𝑝𝑏𝑧/(𝑠 + 𝑘𝑝𝑏𝑧)



 

  



6 TESTES E SIMULAÇÕES 

 





𝛼 = 0,92



 





 

 



 

𝜃 

𝜃 𝜙

𝜓









  



7 CONCLUSÕES 

 



𝑘𝑓



 



 

 



�̅�𝑘 =  𝐴�̂�𝑘−1 + 𝐵𝑢𝑘−1 

[
𝜃
�̇�𝑏

]
̅̅ ̅̅ ̅̅

=  [
1 −∆𝑡
0 1

] [
𝜃
�̇�𝑏

]
̂

𝑘−1

+ [
∆𝑡
0

] �̇�𝑘−1 

[
𝜃
�̇�𝑏

]
̅̅ ̅̅ ̅̅

= [
𝜃 − �̇�𝑏∆𝑡 + �̇�∆𝑡

𝜃�̇�

] 

�̅�𝑘

 

 

𝐶𝑄𝐶𝑇 = 𝑄

�̅�𝑘 = 𝐴�̂�𝑘−1𝐴
𝑇 + 𝑄 

[
𝑃00 𝑃01

𝑃10 𝑃11
]
𝑘

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
= [

1 −∆𝑡
0 1

] [
𝑃00 𝑃01

𝑃10 𝑃11
]

̂

𝑘−1

[
1 −∆𝑡
0 1

]
𝑇

+ [
𝑄𝜃 0
0 𝑄�̇�

] ∆𝑡 

[
𝑃00 𝑃01

𝑃10 𝑃11
]
𝑘

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
= [

𝑃00 + ∆𝑡(∆𝑃11 − 𝑃01 − 𝑃10 + 𝑄) 𝑃01 − ∆𝑡𝑃11

𝑃10 − ∆𝑡𝑃11 𝑃11 + 𝑄∆𝑡
] 

�̅�𝑘

 

 



 

 

𝑦𝑘 𝑧𝑘

𝑦𝑘 = 𝑧𝑘 − 𝐻𝑥𝑘̅̅ ̅ 

𝑦𝑘 = 𝑧𝑘 − [1 0] [
𝜃
�̇�𝑏

]
̅̅ ̅̅ ̅̅

 

 

𝑆𝑘 = (𝐻𝑃𝑘𝐻
𝑇 + 𝑅) 

𝑆𝑘 = [1 0] [
𝑃00 𝑃01

𝑃10 𝑃11
]
𝑘

[
1
0
] + 𝑅 

𝑆𝑘 = 𝑃00 + 𝑅 

 

𝐾𝑘 = �̅�𝑘𝐻
𝑇𝑆𝑘

−1 

[
𝐾0

𝐾1
]
𝑘

= [
𝑃00 𝑃01

𝑃10 𝑃11
]
𝑘

[
1
0
] 𝑆−1 



[
𝐾0

𝐾1
]
𝑘

= [
𝑃00

𝑃01
]
𝑘

𝑆−1 

 

 

𝑥𝑘 𝐾 𝑦𝑘

𝑥𝑘 = �̅�𝑘−1 + 𝐾𝑦𝑘 

[
𝜃
�̇�
]
𝑘

= [
𝜃
�̇�
]

̅̅ ̅̅

𝑘−1
+ [

𝐾0

𝐾1
]
𝑘

𝑦𝑘 

[
𝜃
�̇�
]
𝑘

= [
𝜃
�̇�
]

̅̅ ̅̅

𝑘−1
+ [

𝐾0𝑦
𝐾1𝑦

]
𝑘

 

 

 

𝑃𝑘 = (𝐼 − 𝐾𝑘𝐻)𝑃𝑘−1 

[
𝑃𝑜𝑜 𝑃10

𝑃10 𝑃11
]
𝑘

= ([
1 0
0 1

] − [
𝐾0

𝐾1
] [1 0]) [

𝑃𝑜𝑜 𝑃10

𝑃10 𝑃11
]

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

𝑘−1

 

[
𝑃𝑜𝑜 𝑃10

𝑃10 𝑃11
]
𝑘

= [
𝑃𝑜𝑜 𝑃10

𝑃10 𝑃11
]

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

𝑘−1

− [
𝐾0. 𝑃00 𝐾0. 𝑃01

𝐾1. 𝑃00 𝐾1. 𝑃01
] 

 



 

 

 

 

 

 

 

 

𝑅 =  2𝑠𝑡𝑑𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛  
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